The aim of this paper is to obtain sufficient conditions for univalence of meromorphic functions in the U * . Also, we refine a quasiconformal extension criterion with the help of Becker's method. A number of univalence conditions would follow upon specializing the parameters involved in our main results. MSC: Primary 30C80; secondary 30C45; 30C62
Introduction
We denote by U r = {z ∈ C : |z| < r} ( < r ≤ ) the disc of radius r and let U = U  . Let A denote the class of analytic functions in the open unit disc U which satisfy the usual normalization condition f () = f () - = . We denote by S the subclass of A consisting of functions f (z) which are univalent in U . Let denote the class of functions of the form f (ζ ) = ζ + ∞ k= a k ζ -k which are meromorphic in the exterior to the open unit disc U * = {ζ ∈ C : |ζ | > } with a pole at the infinity residue . We say that a sense-preserving homeomorphism f of a plane domain G ⊂ C is k-quasiconformal if f is absolutely continuous on almost all lines parallel to coordinate axes and |f z | ≤ k|f z |, almost everywhere in G, where f z = ∂f /∂z, f z = ∂f /∂z and k is a constant with  ≤ k < . In geometric function theory, the univalence of complex functions is an important property, but it is difficult, and in many cases impossible, to show directly that a certain complex function is univalent. For this reason, many authors found different types of sufficient conditions of univalence. One of the most important of these conditions of univalence in the domains U and the exterior of a closed unit disc is the well-known criterion of Becker [ In the present paper, firstly we study a number of new criteria for the univalence of the functions belonging to the class . Finally, we obtain a refinement to a quasiconformal extension criterion of the main result. We also consider several interesting corollaries and consequences of our univalence criteria. Our considerations are based on the theory of Loewner chains. http://www.journalofinequalitiesandapplications.com/content/2013/1/112
Loewner chains and quasiconformal extensions
Before proving our main theorem, we need a brief summary of the method of Loewner chains. In order to prove our main results, we need the following theorem due to Pommerenke
[] (also see [] ). This theorem is often used to find out univalency for an analytic function, apart from the theory of Loewner chains. 
Then, for each t ∈ I, the function L(z, t) has an analytic and univalent extension to the whole disc U or the function L(z, t) is a Loewner chain.

Equation (.) is called the generalized Loewner differential equation.
The method of constructing quasiconformal extension criteria is based on the following result due to Becker (see [, ] and also [] ). 
Theorem . Suppose that L(z, t) is a Loewner chain for which p(z, t) in (.) satisfies the condition
p(z, t) ∈ U(k) := w ∈ C : w - w +  ≤ k = w ∈ C : w -  + k   -k  ≤ k  -k  ( ≤ k < ) http://www.journalofinequalitiesandapplications.com/content/2013/1/112 for all z ∈ U and t ≥ . Then L(z, t
) admits a continuous extension to U for each t ≥ , and the function F(z,z) defined by
F(z,z) = ⎧ ⎨ ⎩ L(z, ), |z| < , L( z |z| , log |z|), |z| ≥  is a k-quasiconformal extension of L(z, ) to C.
Univalence criteria
Making use of Theorem ., now we can prove our main result.
Theorem . Let m ∈ R
+ and s be a complex number such that s
hold true for all ζ ∈ U * , then the function f is univalent in U * .
Proof We will prove that there exists a real number r ∈ (, ] such that the function L :
is analytic in U r for all t ∈ I, where
Since g is analytic, the function
is analytic in U and φ(, t) = e -mt = . Then there exists a disc U r  ,  < r  ≤ , in which φ(z, t) =  for all z ∈ U r  . We denote the uniform branch of (φ(z, t)) -s by φ  , which is equal to e mst at origin. http://www.journalofinequalitiesandapplications.com/content/2013/1/112
It follows from (.) that
and thus the function L(z, t) is analytic in U r  .
We have
for which we consider the uniform branch equal to e mst at the origin.
Because α >  and / < m ≤ α, we have
Moreover, a  (t) =  for all t ∈ I.
After simple calculation, we obtain, for each z ∈ U ,
The limit function ψ(z) = z belongs to the family {L(z, t)/a  (t)}; then in every closed disc U r  ,  < r  < r  , there exists a constant
uniformly in this disc, provided that t is sufficiently large. Then, by Montel's theorem, {
} t∈I is a normal family in U r  . From the analyticity of
∂L(z,t) ∂t
, we obtain that for all fixed numbers T >  and r  ,  < r  < r  , there exists a constant K  >  (that depends on T and r  ) such that
Therefore, the function L(z, t) is locally absolutely continuous in I, locally uniform with respect to U r  .
The function p(z, t) defined by p(z, t) = z ∂L(z, t) ∂z ∂L(z, t) ∂t
is analytic in a disc U r ,  < r < r  , for all t ∈ I. If the function
is analytic in U × I and |w(z, t)| <  for all z ∈ U and t ∈ I, then p(z, t) has an analytic extension with a positive real part in U for all t ∈ I. We take ζ instead of z in equality (.); then we have
where
for ζ ∈ U * and t ∈ I.
The inequality |w(ζ , t)| <  for all ζ ∈ U * and t ∈ I is equivalent to
where w(ζ , t) is defined by (.). Define
From (.), (.) and (.), we have
Since | e st ζ | ≥ |e st | = e αt >  for all z ∈ U = {z ∈ C : |z| ≤ } and t > , we find that H(ζ , t) is an analytic function in U * . Using the maximum modulus principle, it follows that for all ζ ∈ U * and each t > , arbitrarily fixed, there exists θ = θ (t) ∈ R such that
for all ζ ∈ U * and t ∈ I.
Denote u = e st e -iθ . Then |u| = e αt , and from (.) we have
Because u ∈ U * , inequality (.) implies that
and from (.), (.) and (.), we conclude that
for all ζ ∈ U * and t ∈ I. Therefore |w(z, t)| <  for all z ∈ U and t ∈ I. http://www.journalofinequalitiesandapplications.com/content/2013/1/112
Since all the conditions of Theorem . are satisfied, we obtain that the function L(z, t) has an analytic and univalent extension to the whole unit disc U , for all t ∈ I. For t = , we have L(z, ) = /f (z - ), for z ∈ U and therefore the function f (ζ ) is univalent in U * .
If we take
in Theorem ., then we have the following result.
Corollary . Let m ∈ R + and s be a complex number such that s = α + iβ, α > , β ∈ R; / < m ≤ α and f ∈ , f (ζ ) = . If the inequality
holds true for all ζ ∈ U * , then the function f is univalent in U * .
For
in Theorem ., we have the following corollary.
Corollary . Let m ∈ R
+ and s be a complex number such that s = α + iβ, α > , β ∈ R;
Putting g(ζ ) =  in Theorem ., we obtain a simple univalence condition as follows.
Corollary . Let m ∈ R + and s be a complex number such that s
Quasiconformal extension criterion
In this section we will refine the univalence condition given in Theorem . to a quasiconformal extension criterion. 
hold true for all ζ ∈ U * , then the function f has a l-quasiconformal extension to C, where
Proof In the proof of Theorem ., it has been shown that the function L(z, t) given by (.) is a subordination chain in U . Applying Theorem . to the function w(ζ , t) given by (.), we obtain that the condition
implies l-quasiconformal extensibility of f , where G(ζ , t) is defined by (.). Lengthy but elementary calculation shows that the last inequality (.) is equivalent to
It is easy to check that, under the assumptions (.) and (.), we have
Consider the two discs and defined by (.) and (.) respectively, where G(ζ , t) is replaced by a complex variable w. Our theorem will be proved if we find the smallest l ∈ [, ) for which is contained in . This will be done if and only if the distance apart of the centers plus the smallest radius is equal, at most, to the largest radius. So, we are required to prove that Since L  < , we get L  ≤ l. Again, making use of Mathematica program, we obtain L  ≤ L  . Therefore L  ≤ l <  and the proof is complete.
